Abstract. We prove non-vanishing modulo p, for a prime ℓ = p, of central critical Rankin-Selberg L-values with anticyclotomic twists of ℓ-power conductor. The L-function is Rankin product of a cusp form and a theta series of arithmetic Hecke character of an imaginary quadratic field. The paper is concerned with the case when the weight of Hecke character is greater than that of cusp form, so the L-value is essentially different in nature from the one in the landmark work of Vatsal and Cornut-Vatsal on the same theme.
Introduction
Studying non-vanishing of the central critical values of modular L-functions has had powerful and farreaching applications to important problems of Iwasawa theory including various proofs of Main Conjectures. Generalizing the method of Sinnott ([Si] ) to the context of the theory of Shimura varieties, Hida studied non-vanishing of Hecke L-functions of CM fields in [Hi04] and [Hi07] and computed the µ-invariant of Katz padic L-function in [Hi10a] . In his dissertation [Sun] , written under Hida's supervision in 2007, Hae-Sang Sun used this method to prove non-vanishing modulo (a rational prime) p of L-values of the modular L-function associated to a level 1 Hecke newform f twisted by a product λχ of a fixed arithmetic Hecke character λ of an imaginary quadratic field and finite order anticyclotomic χ's of ℓ-power conductor, for a prime ℓ = p. Here a fixed λ is of ∞-type (k, 0), where k is a weight of f .
Following the path paved by [Hi04] and [Sun] , the purpose of this paper is to extend such non-vanishing result to the case of a Hecke newform of an arbitrary level N ≥ 1 and nebentypus ψ, and arithmetic Hecke characters λ of ∞-type (k + m, −m) for arbitrary m ≥ 0. The moral of the latter is that, if we fix a Hecke character λ 0 of ∞-type (k, 0) satisfying certain criticality condition stated below, the anticyclotomic twists in our case are actually of the form χ 0 χ where χ 0 is a fixed anticyclotomic Hecke character of ∞-type (m, −m) and χ's range through the family of finite order anticyclotomic characters of ℓ-power conductor -in other words, our λ := λ 0 χ 0 .
The main ingredients in the proof are Zarisky density of CM points on modular Shimura varieties studied in [Hi04] and [Hi10a] , and the recent computation of an explicit Waldspurger formula in [Hi10b] . Our modest aim is to understand the passage between these deep works of quite different mathematical flavor. In upcoming companion paper [Br10b] we compute the µ-invariant of anticyclotomic p-adic L-function constructed in [Br10a] .
To state the main theorem precisely, let M be an imaginary quadratic field of discriminant d(M ), and set d := |d(M )|. Fix two rational primes p = ℓ such that p splits in M . Let f be a normalized Hecke newform of level Γ 0 (N ), N ≥ 1, weight k ≥ 1, and nebentypus ψ and let f be its corresponding adelic form on G(Q)\G(A) with central character ψ (see Section 2.1 for definiton). All reasonable adelic lifts of f are equal up to twists by a power of the everywhere unramified character |det(g)| A and f u (g) := f |ψ(det(g))| −1/2 is a unique one which generates a unitary automorphic representation π f . We further take the base-changeπ f to Res M/Q G. Pick an arithmetic Hecke character λ of M × \M × A of ∞-type (k + m, −m) for arbitrary m ≥ 0 and such that condition λ| A × = ψ −1 holds. Under this condition, the L-value L(1/2,π f ⊗ λ − ), regarded as that of the Rankin-Selberg L-function associated to f and the theta series θ(λ − ) of λ − , is critical in the sense of Deligne, and central with respect to the functional equation.
The choice of λ is subtle and a detailed recipe is provided in Section 5. Let N = l l ν(l) be the prime factorization and denote by N ns = l non-split l ν(l) its "non-split" part. We choose λ 0 and χ 0 as above requiring that χ 0 has sufficiently deep conductor c ns := l|Nns lν (l) , for fixedν(l) ≥ ν(l), at the non-split prime divisors of N . The role of the latter is optimal and two-fold. On one hand side, Hida's explicit Waldspurger formula requires depth of conductor of λ at such primes, for otherwise the period integral vanishes. On the other side, sufficient ramification at these primes in the sense of Proposition 3.8 of [JaLa] and Theorem 20.6 of [Ja] contributes to +1 sign in the functional equation for the central critical L-value. Write λ − := (λ • c)/|λ| for the unitary projection. We fix two embeddings ι ∞ :Q ֒→ C and ι p :Q ֒→ C p . Let W denote the ring of Witt vectors with coefficients in an algebraic closureF p of the finite field of p elements F p , regarded as a p-adically closed discrete valuation ring inside p-adic completion C p ofQ p , and let P be the prime of W over p. Set W = ι −1 p (W ) which is a strict henselization of Z (p) = Q ∩ Z p . Let Ω ∞ ∈ C × be the Néron period of a CM elliptic curve over W. We normalize the L-value as
where we write L (N ℓd) (s,π f ⊗ λ − ) for the imprimitive L-function obtained by removing Euler factors at primes dividing N ℓd from the primitive one, E(1/2) and E ′ (m) are modification Euler factors given by (5.7) and (5.8), respectively, and G is essentially product of Gauss sums given by (5.6). Let S(N, ℓ) be a finite set of prime divisors of elements in {N, ℓ − 1} ∪ {l − 1 : prime l | N is ramified in M } ∪ {l − 1, l + 1 : prime l | N is inert in M } .
Then our result states:
Theorem 1.1. Let p = ℓ be two fixed rational primes such that p splits in M . Let f be a normalized Hecke newform of level Γ 0 (N ), N ≥ 1, weight k ≥ 1, and nebentypus ψ. Suppose ℓ ∤ N and that p > 2 is outside the above finite set of primes S(N, ℓ). Fix a Hecke character λ as above, that is, of ∞-type (k + m, −m) for arbitrary m ≥ 0, whose conductor is supported at primes dividing N ℓ and is equal to a fixed preassigned c ns as above at ones that are non-split. Then
for all but finitely many anticyclotomic characters χ of ℓ-power conductor.
The above finite set of primes p is excluded from consists of the primes which divide the fudge factors in Hida's computation of an explicit Waldspurger type of formula we use. The proof is actually valid under condition milder than ℓ ∤ N (see Assumption 7.2). We also prove validity of the Theorem 1.1 when ℓ N and the local component π f ,ℓ is a special representation (see Proposition 7.3), but we hope to treat the general case when ℓ | N in a future paper.
The L-value in the Theorem 1.1 is actually L(
, however the norm character has trivial unitary projection. The weight k + 2m + 1 of theta series θ(λχ| · | being strictly greater than the weight k of the cusp form f , incites essentially different arithmetic nature from the L-value studied in the landmark work of Vatsal started in deep and beautiful papers [Va02] and [Va03] , and continued in joint work with Cornut [CoVa] , where the comparison of the weights is opposite. Thus, the period for the L-value there depends on f only, namely, it is Hida's canonical period from [Hi88] , as opposed to a power of a CM period attached to M . The canonical Selmer group and the Main Conjecture associated to our L-values are distinct. Needless to say, as a direct application of Hida's method from [Hi04] , our proof fits in Vatsal's philosophy about ergodic rigidity principle underlying non-vanishing of L-values, as explained in his ICM 2006 report [Va06] .
1 N ]-algebra and S a B-scheme. An elliptic curve E over S is a proper smooth morphism π : E → S whose geometric fibers are connected curves of genus 1, together with a section 0 : S → E. By level Γ 1 (N )-structure, we refer to an embedding of finite flat group schemes i N : µ N ֒→ E[N ], where E[N ] is a scheme-theoretic kernel of multiplication by N map -it is a finite flat abelian group scheme over S of rank N 2 . The modular curve M(Γ 1 (N )) of level Γ 1 (N ) classifies pairs (E, i N ) /S , for a B-scheme S. In other words, M(Γ 1 (N )) is a coarse moduli scheme of the following functor from the category of B-schemes to the category SETS P(S) = [(E, i N ) /S ] / ∼ = where [ ] / ∼ = denotes the set of isomorphism classes of the objects inside the brackets. When N > 3 it is a fine moduli scheme of this functor.
Let ω denote a basis of π * (Ω E/S ), that is a nowhere vanishing section of Ω E/S . Fix a positive integer k and a continuous character ψ : (Z/N Z) × → B × . A B-integral holomorphic modular form of weight k, level Γ 0 (N ) and nebentypus ψ is a function of isomorphism classes of (E, i N , ω) /A , defined over B-algebra A, satisfying the following conditions: 
. The space of B-integral holomorphic modular forms of weight k, level Γ 0 (N ) and nebentypus ψ is a B-module of finite type and we denote it by G k (N, ψ; B).
As it is well known, over C, the category of test objects (E, i N , ω) is equivalent to the category of the pairs (L, i), where L is a Z-lattice in C, and i :
The differential ω can be recovered by pulling back du to E(C) = C/L, for standard variable u on C. Conversely,
is a lattice in C. Then an algebro-geometric modular form f integral over C gives rise to a classical modular form, whence also to adelic one, via
2.3. p-adic modular forms. Fix a prime number p that does not divide N . Let B be a p-adic algebra, that is, an algebra complete and separated in its p-adic topology. For an elliptic curve E /S we consider a Barsotti-Tate group
which is an epimorphism in the category of finite flat group schemes. We consider a morphism of ind-group schemes i p : µ p ∞ ֒→ E[p ∞ ] which induces isomorphism of formal groupsî p : G m ∼ = E called trivialization of E. Here E is the formal completion of E along its zero-section.
A holomorphic p-adic modular form over B is a function of isomorphism classes of (E, i N , i p ) /A , defined over p-adic B-algebra A, satisfying the following conditions:
] for all level structures i T ate,N and i T ate,p .) We denote the space of p-adic holomorphic modular forms over B by V (N ; B) .
The fundamental q-expansion principle holds for both algebro-geometric and p-adic modular forms ([DeRa] Theorem VII.3.9 and [Ka76] Section 5):
is precisely the set of (p-adic) modular forms whose q-expansions have coefficients in B.
Using trivializationî p we can push forward the canonical differential dt t on G m to obtain an invariant differential ω p :=î p, * ( dt t ) on E which then extends to an invariant differential on E. Thus for f ∈ G k (N, ψ; B) we can define f ((E, i N , i p )) := f ((E, i N , ω p )) and we may regard an algebro-geometric holomorphic modular form as a p-adic one. By virtue of q-expansion principle, G k (N, ψ; B) ֒→ V (N ; B) is an injection preserving q-expansions. − by theta series (see [JaLa] and [Ja] Section 19 for definitions). It is initially defined as a product of Euler factors over all places of Q and has a meromorphic continuation to C satisfying functional equation
whereπ f denotes contragredient of π f and ǫ(s, π f ⊗ π χ − ) is certain ǫ-factor. Under key condition
The order of vanishing is expected to be minimal for most characters χ − , in other words, either
should be nonzero, depending whether the sign is +1 or −1, respectively. The global sign ǫ(π f ⊗ π χ − ) is a product over all places v of Q of local signs ǫ(π f ,v ⊗ π χ − ,v ), which are attached to local components of π f and π χ − , normalized as in [Gr] . If η is quadratic Hecke character of Q attached to M and we set
In this paper we always work with Hecke characters χ of conductor not only supported at N ℓ but rather sufficiently deep there. Combined with the fact that the infinity type of χ is (k + 2m, 0) so that χ ∞ (a) = a k+2m ∞ , this leaves the set S(χ) empty. Indeed, the local ǫ-factors at places v outside N ℓd(M ) are equal to 1, as both π f ,v and π χ − ,v are unramified principal series, and consequently these places do not belong to S(χ). At places v|N ℓ, following Section 1.1 of [CoVa] , we use a combination of Proposition 3.8 of [JaLa] and Theorem 20.6 of [Ja] , so that once we impose that χ is sufficiently ramified at these v, none of them belongs to S(χ). The only finite places that remain are such that v|d(M ) but v ∤ N . Note that here π f ,v is unramified principal series and ψ v is unramified, so in this situation we may use local calculation (3.1.1) and (3.1.2) in [Zh] to conclude that these places do not belong to S(χ). Finally, as infinite order character χ has infinity type (k + 2m, 0) we have ǫ(π f ,∞ ⊗ π χ − ,∞ ) = (−1) k essentially by Tate's thesis ( [Ta] ) and the archimedean place does not belong to S(χ). In conclusion, the global ǫ-factor is 1.
We may take the base-change liftπ
, after being divided by suitable periods, is proved by Shimura in [Sh76] , and is consistent with the conjectures of Deligne. The nature of the period depends on the ∞-type of χ, or more precisely, its comparison to the weight k of f . In case χ is of ∞-type (κ, 0) and κ ≤ k − 2, the period depends on f but is independent of χ, and can be expressed in terms of the Shimura periods u ± (f ). On the other hand, if κ ≥ k, the period is independent of f and depends on M only -it is a power of CM period attached to M .
Shimura curves
4.1. Elliptic curves with complex multiplication. It is well known that a Z-lattice in M is actually a proper ideal of a Z-order R(a) = {α ∈ R|αa ⊂ a} of M . On the other hand, every Z-order O of M is of the form O = Z + cR for a rational integer c called the conductor and the following are equivalent (see Proposition 4.11 and (5.4.2) in [IAT] and Theorem 11.3 of [CRT] )
(1) a is O-projective fractional ideal (2) a is locally principal, i.e. the localization at each prime is principal (3) a is a proper O-ideal, i.e. O = R(a). In this paper, we are concerned with orders R cℓ n := Z + cℓ n R and their ring class groups Cl − n := Pic(R cℓ n ) when n ≥ 0, where c is a fixed choice of integer prime to ℓ that will always be clear from the context. By class field theory, Cl − n is the Galois group Gal(H cℓ n /M ) of the ring class field H cℓ n of conductor cℓ n . We define anticyclotomic class group modulo cℓ ∞ , Cl
taking a to aR cℓ n . Then the group Cl − ∞ is isomorphic to the Galois group of the maximal ring class field
we consider a complex torus X(a)(C) = C/a. By the main theorem of complex multiplication ( [ACM] 18.6), this complex torus is algebraizable to an elliptic curve having complex multiplication by M and defined over a number field. Then applying Serre-Tate's criterion of good reduction ( [SeTa] ) we can conclude that X(a) is actually defined over the field of fractions K of W and extends to an elliptic curve over W still denoted by X(a) /W . All endomorphisms of X(a) /W are defined over W and its special fiber X(a) /Fp = X(a) /W ⊗F p is ordinary by assumption that p = pp splits in M .
. After taking their inverse limit and tensoring with A (∞) we get level structure
We can remove p-part of η(a) and define level structure η (p) (a) that conveys information about all prime-to-p torsion in X(a):
Prime-to-p torsion in X(a) /W is unramified at p and X(a)[N ] for p ∤ N isétale whence constant over W, so the level structure η (p) (a) is still defined over W ( [ACM] 21.1 and [SeTa] ). Since X(a) /W has ordinary reduction over W, we get ordinary part of level structure at p, η
The Cartier duality then yieldsétale part of level structure at p, ηé
In this way we constructed a triple
to which we refer as a test object.
Definitions and basic facts. The pairs (X,
( [Ko] ) of the Shimura curve Sh /Q associated to algebraic group G = GL(2) /Q . Sh was initially constructed by Shimura in [Sh66] 
and two pairs (X, η (p) ) /S and (X ′ , η ′(p) ) /S are isomorphic up to prime-to-p isogeny, which we write (X,
The pair
rise to a W-point on Sh (p) to which we refer as CM point.
The field of definition of V K in the sense of Weil is contained in K, and we can think of schematic closure
where K ranges over all open compact subgroups of G(A (∞) ) maximal at p. In conclusion, the scheme V
is smooth over W, and its generic and special fibers are geometrically irreducible. In this sense, we refer to [µN ] of level Γ(N ) (the principal congruence subgroup) representing functor from the category of Z (p) -schemes to the category SETS
where M(Γ(N ), ζ) is a modular curve of level Γ(N ) representing functor from the category of Z[1/N ]-schemes to the category SETS
and ·, · denotes the Weil pairing. The complex points of the Shimura curve Sh have the following expression:
where Z stands for center of G and the action is given by γ(z, g)u = (γ(z), γgu) for γ ∈ G(Q) and u ∈ Z(Q) ([De79] Proposition 2.1.10 and [Mi] page 324 and Lemma 10.1).
To each point (X, η) ∈ Sh we can associate a lattice L = η −1 (T (X)) ⊂ (A (∞) ) 2 and the level structure η is determined by the choice of the basis w = (w 1 , w 2 ) of L over Z. In the view of basis w, the G(
, where ⊺ stands for a transpose. We warn the reader about the following Remark 4.1. Insisting on modular point of view, the action of matrix g −1 records change of the basis vectors themselves, rather than coordinates with respect to the basis. Having this on mind and desiring to view modular forms in adelic, algebro-geometric and p-adic phrasing in coherent way, it becomes more convenient for us to use identifications
, in constructing level structures for our CM points due to the definition of nebentypus.
4.3. Hecke relation among CM points. Let c be a fixed positive integer prime to ℓ, and n ≥ 0. In this section we associate to each proper R cℓ n -ideal a prime to p a CM point on Sh (p) and describe Hecke relation among these points.
A choice of Z-basis (w 1 , w 2 ) of R = R ⊗ Z Z gives rise to a level structure
) defined over W as explained above. We fix such a basis so that its p-component (w 1,p , w 2,p ) is given by (ep, e p ) where ep and e p are idempotents of Rp and R p , respectively. At ℓ, we can write
. We also fix once and for all an invariant differential ω(R) on X(R) /W so that
Note that ω(R) induces a differential ω(a) on X(a) first by pulling back ω(R) from X(R) to X(R ∩ a) and then by pull-back inverse from X(R ∩ a) to X(a).
Assume from now that n ≥ 1. Let C ⊂ X(R cℓ n )[ℓ] be a rank ℓ subgroup scheme of a finite flat group scheme X(R cℓ n )[ℓ] that isétale locally isomorphic to Z/ℓZ after faithfully flat extension of scalars. We consider geometric quotient of X(R cℓ n ) by such finite flat subgroup schemes C ([ABV] Section 12). The quotient map π : X(R cℓ n ) ։ X(R cℓ n )/C isétale over W so we transfer level structure
is a prime ideal of R cℓ n but not a proper one -it is a proper ideal of R cℓ n−1 , and we have
Note that there are precisely ℓ such group subschemes. If a is a lattice so that X(R cℓ n )/C = X(a) then a/R cℓ n = C and a is a Z-lattice of M because C is Z-submodule. Since ℓC = 0 we have ℓR cℓ n a ⊂ a which means that a is R cℓ n+1 -ideal. Moreover a is not R cℓ n -submodule so we conclude that a is a proper R cℓ n+1 -ideal. Since C generates over R cℓ n all ℓ-torsion points of X(R cℓ n ), we have aR cℓ n = ℓ −1 R cℓ n , so proper ideal class of a in Cl − n+1 projects down to (identity) class of R cℓ n in Cl − n . In conclusion, this procedure gives rise to ℓ CM points x(a) on Sh for representatives a of precisely ℓ proper ideal classes in Cl − n+1 that project down to a given (identity) class in Cl − n . It was computed in Section 3.1 of [Hi04] that, in the sense of Deligne's interpretation of Sh, corresponding
when u ranges through Z/ℓZ (see (3.1) in Section 3.1 of [Hi04] ). Thus, for any fixed b 0 ∈ Cl |u ∈ Z/ℓ s Z} .
4.4.
Isogeny action on modular forms. Let N be a positive integer prime to p. Note that a point
and the coset is taken as a sheaf theoretic one. Thus, if X = (X, η (p) , η ord p , ω) is a test object, an algebro-geometric modular form f ∈ G k (Γ 0 (N ), ψ; W) can be evaluated at this test object via
and the same holds for a p-adic modular form f ∈ V (N ; W ) via
is geometric preserving the base scheme Spec(W). Let q be a prime outside N pℓ. For any pair (X, η (p) ) /S , where S is a W-scheme, taking sheaf theoretic coset η (p) mod Γ 0 (q) induces a finite group subscheme C of X defined over S and isomorphic to Z/qZétale locally. Thus, it makes sense to consider a level Γ 0 (q) test object X = (X, C, η (pq) , η ord p , ω) and we can construct canonically its image under q-isogeny
Over C, from the classical point of view this is nothing but
, ω(a)) be a test object associated to Z-lattice a of conductor prime to p. If q =splits in M , then we can choose η q to be induced by
where we define action
for g ∈ G(A (∞) ) and f ∈ V (N ; W ).
Differential operators.
Recall the definition of Maass-Shimura differential operators on H indexed by k ∈ Z:
for a non-negative integer r. They preserve rationality of a value at a CM point ( [AAF] III and [Sh75] ) when applied to modular forms. Let a be a proper R cp n -ideal prime to p. Note that the complex uniformization X(a)(C) = C/a induces a canonical invariant differential ω ∞ (a) in Ω X(a)/C by pulling back du, where u is the standard variable on C. Then one can define a period
Katz introduced a purely algebro-geometric definition of Maass-Shimura differential operator ([Ka78] Chapter II) by interpreting it in terms of Gauss-Manin connection of the universal abelian variety with real multiplication over M. In this way he extended the operator δ * to algebro-geometric and p-adic modular forms; we denote the latter extension of δ r * by d r : V (N ; W ) → V (N ; W ). The ordinary part of level structure
of X(a) along its zero-section. We obtain an invariant differential ω p (a) on X(a) /W by pushing forward dt t on G m , which then extends to an invariant differential on X(a) /W also denoted by ω p (a). Then one can define a period Ω p ∈ W × , independent of a, by ω(a) = Ω p ω p (a) ([Ka78] Lemma 5.1.47). The fact that will be of instrumental use for us is
Theorem 2.6.7). The effect of d m on q-expansion of a modular form is given by
([Ka78] (2.6.27)).
Hida's explicit Waldspurger formula
We adelize Maass-Shimura m-th derivative δ m k f , m ≥ 0, to a function f m on G(A) as in Section 3.1 of [Hi10b] . We regard X = 1 2 1 i i −1 ∈ sl 2 (C) -a Lie algebra of SL 2 (C), as an invariant differential operator X g∞ on SL 2 (C) for the variable matrix g ∞ ∈ G(R) (here identifying G(R) with SL 2 (R) × R × by the natural isogeny), and set
, and when det(g ∞ ) = 1 we have
for α ∈ G(Q), u ∈ Γ 0 (N ) and g ∞ ∈ GL 
Let f 0 ∈ S k (Γ 0 (N ), ψ) be a normalized Hecke newform of conductor N , nebentypus ψ and let f 0 ∈ S k (N, ψ) be the corresponding adelic form with central character ψ. Let f be a suitable normalized Hecke eigen-cusp form that will be explicitly made out of f 0 such that its arithmetic lift f is inside the automorphic representation π f0 generated by the unitarization f u 0 . Fix a choice of z 1 ∈ R such that R = Z + Zz 1 and define ρ : M ֒→ M 2 (Q) by a regular representation
After tensoring with A we get ρ :
. We fix g 1 ∈ G(A) such that g 1,∞ (i) = z 1 and det(g 1,∞ ) = 1 while the finite places of g 1 will be specified shortly. We recall Lemma 3.7 of [Hi10b] .
∞ be the idele class group and choose a Haar measure m computing explicitly all local Euler-like factors without ambiguity. Moreover this is done under optimal assumptions on conductor of χ m , one of them being sufficient depth at non-split primes dividing conductor N of π f .
We briefly explain Hida's recipe for a choice of g 1 at finite places (see Section 4 of [Hi10b] ) adjusted to our need. Let N = l l ν(l) be the prime factorization and let N ns = l non-split l ν(l) be its "non-split" part.
Let C denote the conductor of χ m as above. In this section we assume that ℓ ∤ N and that χ m is unramified outside N and ℓ. Moreover, we assume that its conductor • at non-split primes l|N ns is equal to lν (l) , whereν(l) ≥ ν(l) is an arbitrary integer, and • at ℓ is equal to ℓ n , where n ≥ 1 is an arbitrary integer.
Thus, N ns -part of conductor is c ns = l|Nns lν (l) , which we write C Nns = c ns , and
We divide the set of prime factors of N (C)d 0 (M )N into disjoint union A ⊔ C as follows. It suffices for our purpose to set A = {ℓ} when ℓ splits in M , and leave A = ∅ otherwise. Set C = C 0 ⊔ C 1 where C 1 is the set of prime factors of d 0 (M ) and C 0 = C i ⊔ C sp ⊔ C r so that C i consists of primes inert in M , C r = {2} if ord 2 (d(M )) = 2 with ν(2) > 2 and C r = ∅ otherwise. Then C sp consists of primes split in M that are not already placed in A. Thus, there are two possibilities for a prime ℓ: if it splits in M it is placed in set A, otherwise it is placed in appropriate subset of C.
If ℓ splits in M we choose a primeL over ℓ in M ; we set A = {L}, and we choose a primel over each l ∈ C sp , denoting the set of all these choices by C sp = {l | l ∈ C sp }. For all l ∈ A ⊔ C sp we can identify M l = Ml × M l = Q l × Q l and write ι l (α) = α and c • ι l (α) =ᾱ where ι l and c • ι l are projections of M l to M l and Ml, respectively. Note that these identifications follow reversed notation from the ones in [Hi10b] due to a reason explained in Remark 4.1 at prime p -we proceed similarly at other split primes to keep our notation uniform. Then for l ∈ A ⊔ C sp we specify g 1,ℓ and g 1,l by first choosing h 1,ℓ ∈ G(Z ℓ ) and
will do, and then setting:
if ℓ is non-split.
Unless l = 2 is inert in M , we set
If exceptionally, 2 ∈ C and 2 is inert in M , the appropriate choice of g 1,l for l = 2 is given in Lemma 2.5 of [Hi10b] . We chose g 1,∞ ∈ G(R) so that g 1,∞ (i) = z 1 and det(g 1,∞ ) = 1. We set g 1,l to be the identity matrix in G(Z l ) for l ∈ A ⊔ C ⊔ {∞} (see the proof of Proposition 2.2 in [Hi10b] ). We recall Lemma 6.2 of [Br10a] where the above Lemma 5.1 is appropriately improved under these new assumptions:
Thus, if we choose a complete set of representatives a ∈ Cl − n and corresponding a ∈ M × A such that a = a R cnsℓ n , we immediately conclude
is class number of M , because under chosen normalization of Haar measure we have
can be read off from the exact sequence
and Cl Q (c ns ℓ n ) denote ray class groups modulo c ns ℓ n of M and Q, respectively. In the Section 6 of [Br10a] , by examining how the local components g 1,l affect the conductor of a lattice associated to a CM point on Sh in the sense of Deligne's treatment, we gave a detailed verification that if 
whence by the Katz-Shimura rationality result (4.3) we conclude
We are now ready to invoke the main Theorem 4.1 of [Hi10b] that relates square of
As usual, we define Satake parameters α l , β l ∈ C by the equations
and α l β l = ψ(l) when l ∤ N , while we set α l = a(l, f 0 )/l (k−1)/2 and β l = 0 when l|N . Then the primitive L-function is the product
of Euler factors given by
where χ − m (l) = 0 if l divides the conductorC of χ − m . Now we explain how starting from f 0 , we choose a suitable f such that its arithmetic lift f is inside the automorphic representation π f0 generated by the unitarization f u 0 . The form f is a normalized Hecke eigen-cusp form in π f0 with f |T (n) = a(n, f )f and a(l, f ) = a(l, f 0 ) for all primes l outside lcm(N, ℓ, d 0 (M )). If lcm(N, ℓ, d 0 (M )) = N , we set f := f 0 , otherwise it is possible to choose f inside π f0 such that for primes l|lcm(N, ℓ, d 0 (M )) we have
Note that π f0 = π f , and we write π f from now. The condition (F) of the main Theorem 4.1 of [Hi10b] requires special care. Our character χ m is of the form
, where λ is a fixed choice of Hecke character of ∞-type (k + m, −m) such that λ| A × = ψ −1 and χ is any finite order anticyclotomic character of conductor ℓ n -so it factors through Cl − n . We give the following Recipe for a choice of λ. We choose λ = λ 0 χ 0 , where λ 0 has infinity type (k, 0) and provides criticality condition λ 0 | A × = ψ −1 and χ 0 is arbitrary fixed choice of anticyclotomic Hecke character of ∞-type (m, −m) and conductor c ns . Note that anticyclotomic Hecke characters are trivial on rational adeles, hence λ inherits criticality condition from λ 0 . Concerning the choice of λ 0 , the criticality assumption λ 0 | A × = ψ −1 forces the conductor of λ 0 to depend on the conductor c(ψ) of nebentypus ψ. Regardless of the choice of λ 0 we have:
• at primes l ∤ c(ψ) Hecke character λ 0 is unramified and • at non-split primes l|c(ψ) the conductor of λ 0,l divides l ord l (c(ψ)) hence does not exceed lν (l) .
However, if a split prime l|c(ψ) we make a subtle choice as follows. Note that
and consequently λ 0,l = λ 0,l λ 0,l . Then
• at split primes l|c(ψ) we choose λ 0,l so that its conductor is supported at l, that is, we choose λ 0,l to be unramified and λ 0,l to have conductor l ord l (c(ψ)) .
Then χ m has conductor C = c ns ℓ n l∈Csp l ord l (c(ψ)) and aforementioned condition (F) is satisfied so by Theorem 4.1 of [Hi10b] we have
In the following, the notation [·] * means that the factor inside the brackets appears only if ℓ splits in M and consequently A = {ℓ} is non-empty. Let N ns = l split l ν(l) be the "split" part of prime factorization
is given by
, respectively, and the modification Euler factors are given by
. Then (5.3) and (5.5) suggest that we normalize L-value as follows
As we are going to study L alg ( 1 2 ,π f ⊗ (λχ) − )) modulo p by utilizing (5.3), we are clearly going to exclude p from the primes that divide fudge factors c 1 and v above, andC given in (5.4). More concretely, let S(N, ℓ) be the finite set of prime divisors of elements of
6. Zariski density of CM points on Shimura curves
Each integral R-ideal A prime to c ns ℓ induces a unique proper R cnsℓ n -ideal a n = A ∩ R cnsℓ n and after taking the inverse limit a = lim ← − n a n we obtain an element of Cl − ∞ . We are able to embed the group Cl alg of fractional ideals of R prime to c ns ℓ as a subgroup of Cl − ∞ by extending this procedure to fractional ideals in obvious way.
In Section 4.3, starting from a pair (X(R), η (p) (R)), we associated to a certain representative of each proper ideal class a ∈ Cl
Thus the isomorphism class of pair x(a) depends only on the proper ideal class of a in Cl
Let V /Fp be the irreducible component of Sh 
Elliptic curves sitting over points in Ξ are non-isomorphic by a result of Deuring ([Deu] ) which assures that the isomorphism class of an elliptic curve overF p is determined by the action of relative Frobenius map on its ℓ-adic Tate module. Thus, the set Ξ is infinite and we record the following obvious
where V Q = δ∈Q V and δ(a) is a proper ideal class representative of the product of π ∞,nj (δ) and a in Cl − nj . We recall Proposition 2.8 of [Hi04] since it is of instrumental use for us.
Theorem 6.2. If Q is finite and injects into Cl
A detailed proof is given in [Hi04] and we just give a brief sketch noting that its key ingredient is an instance of Chai's Hecke orbit principle (see [Ch] (R cnsℓ n 1 ) , . . . , x(R cnsℓ n 1 ), then the stabilizer T 0 of Z 0 is of finite index in T 1 and its p-adic closure is open in T . Thus the following theorem applies.
As Z 0 is nontrivial Shimura subvariety of V h (i.e. not of the form V h−1 × {x} for a fixed CM point x), this leaves two possibilities: either Z 0 = V h or, after a permutation of factors of V h , Z 0 is a Shimura subvariety of V h−2 × ∆ β,β ′ , where for some β, β ′ ∈ R (p) we define a diagonal by
However, the second possibility imposes δ h−1 /δ h = β −1 β ′ ∈ M × , whence δ h−1 Cl alg = δ h Cl alg and Theorem 6.2 follows.
Let C Ξ denote the space of functions on Ξ with values in P 1 (F p ) =F p ⊔ {∞}. The class group Cl alg and a set {f δ ∈ L | δ ∈ Q} of non-constant global sections f δ of L finite at Ξ, the functions f δ • δ, δ ∈ Q, are linearly independent in C Ξ .
Non-vanishing of L-values modulo p
In this section we prove Theorem 1.1 following closely Section 3.4 of [Hi04] , particularly the proof of Theorem 3.2 there. That being said, we avoid constructing anticyclotomic measure, in order not to impose condition a(ℓ, f ) = 0. Before proceeding to the proof, we need a technical lemma. To this end, for α ∈ GL + 2 (R) and a classical modular form f ∈ S k (Γ 0 (N ), ψ), we define
Note that the operator k depends on the weight of the form, but since the weight will always be clear from the context we shall write it as . We use non-standard notation to distinguish it from the isogeny action defined in (4.2). In the following lemma, we investigate the effect of the isogeny action defined in Section 4.4, on q-expansions of Katz p-adic derivatives of modular forms. As in (4.2) of Section 4.4, for f ∈ V (N ; W ) and a prime r, we consider action ) ) is concentrated at r. If r = r 1 · . . . · r n is a square-free product of primes, we define
. In this section we use q to denote the variable in q-expansion of a modular form in order to avoid abuse of notation in the proof of the main theorem. Then we have the following Lemma 7.1. For f ∈ S k (Γ 0 (N ), ψ) and a square-free integer r = r 1 · . . . · r n prime to N , we have
In particular, the q-expansion of
Proof. Let x = (X, η (p) , η ord ) denote a general test object that gives rise to a point in the ordinary locus of Sh, and let ω p (x) be the invariant differential induced by η ord as in Section 4.5. We first prove the assertion when r is a prime. If we set α = 1 0 0 r ∈ G(Q) ⊂ G(A) then the crux of the proof is the following identity that holds for all m ≥ 0:
where g ∞ ∈ G(R) is such that g ∞ (i) = z and g = g (∞) g ∞ . Note that we need to check identity over Sh/ Γ 1 (N ) only, so without loss of generality we may assume that g (∞) = 1.
∞ ) and an obvious fact that for this particular α we have (α (r∞) ) ∈ Γ 0 (N ). By the Katz-Shimura rationality result (4.3) we have
now easily follows from (4.4). To prove the lemma for an arbitrary square-free integer r, by induction it suffices to verify it when r = r 1 r 2 is a product of two primes. Indeed,
and the claimed effect on the q-expansion easily follows.
Now we are ready to prove Theorem 1.1.
Proof. Classical modular forms are defined over a number field and we may assume that f is defined over a localization V of the integer ring in a number field E. We take a finite extension of W generated by V and the values of arithmetic Hecke character λ and, abusing the symbol, we keep denoting it W . We write P for the prime ideal of W corresponding to ι p . The considered values d m f (a) are algebraic and P-integral over V by results of Shimura and Katz ([Sh75] and [Ka78] ).
We fix a decomposition Cl − ∞ = ∆ × Γ where Γ is a torsion free subgroup topologically isomorphic to Z ℓ and ∆ is a finite group. Denote by F p [f, λ] the finite subfield ofF p generated by values of λ mod P and all ℓ|∆|-th roots of unity over V/P ∩ V. Similarly, if χ : Cl
As ∆ is finite group, it suffices to fix a branch character ν : ∆ →F × p and, aiming for contradiction, suppose that
for infinitely many characters χ j : Cl
is an infinite sequence of integers. Suppose that prime p > 2 is outside finite set S(N, ℓ) given by (5.10). Then by plugging
in (5.3) and (5.5), we have
Indeed, by Shimura's reciprocity law ( [ACM] 26.8 and [PAF] 2.1.4), we have
for the Frobenius map Φ(x) = x p for x ∈F p . Thus, if σ = Φ n for a positive integer n, we have
Consider the trace map from the field
If · : Cl − ∞ → Γ denotes the natural projection, from (7.2) we conclude (7.3)
Note that here a ∈ χ , we conclude from (7.3) that for every y ∈ Γ j we have
The group ∆ alg = ∆ ∩ Cl alg is generated by prime ideals of M non-split over Q and we can choose a complete representative set for ∆ alg consisting of product of prime ideals of M outside N , p and ℓ. In [Hi04] , the author chose this set as {r ′−1 | r ′ ∈ R ′ }, where R ′ was made of square-free products of rational primes outside N and ℓ that are ramified in M and r ′ is a unique ideal in M such that r ′2 = r ′ . Thus, {r ′ | r ′ ∈ R ′ } was a complete representative set for 2-torsion elements in Cl M , the class group of M . We alter this choice by noting that the set of split primes in M prime to any given rational integer has positive density in the set of prime ideals of M by theČebotarev density theorem. In other words, in the ray class group of M of an arbitrary conductor, each class contains infinitely many split prime ideals prime to any given rational integer. Thus, we choose a complete representative set for ∆ alg as {r −1 | r ∈ R} by finding a split prime ideal r representing a class of r ′ as above. Thus, our R is made of square-free products of rational primes r outside N ℓp that are split in M and r is a choice of ideal in M such that r = rr.
We also choose a complete set of representatives Q for Cl − ∞ /Γ∆ alg consisting of prime ideals q of M that are split over Q and prime to p and ℓ. Then Cl − ∞ = q,r [q −1 r −1 ]Γ and we can rewrite (7.4) as q∈Q r∈R
If we set
then the above identity becomes
Fix q ∈ Q. From (4.1) we know that {x(a)|a ∈ yχ
|u ∈ Z/ℓ s Z} where
is any fixed member. In particular, we can identify yχ −1 j (µ ℓ s ) with Z/ℓ s Z via a → u mod ℓ s . Note that, after tacitly assuming that n j ≥ 2s (which could be achieved by passing to a suitable subsequence if necessary), this is tantamount to identifying multiplicative group Γ ℓ n j −s /Γ ℓ n j with additive one Z/ℓ s Z by 1 + ℓ nj −s u → u. If we choose a primitive ℓ s -th root of unity ζ = exp(2πi/ℓ s ) and a y ∈ yχ
× , independent of y ∈ Γ j , that initially depends on χ j . However, we may assume that v j 's are constant v by resorting to a suitable subsequence of {χ j } ∞ j=1 . Then, using the description of the operators [r] and [q] in Section 4.4, the inner sum of (7.6) is equal to
Note here that which can be verified by literally the same argument as in proof of Lemma 7.1 -the appropriate incarnation of identity (7.1) has no scalar factors due to the fact that matrix here is unipotent. Then fixing q 0 ∈ Q and using Lemma 7.1 we have where we accept usual convention that a(n, f ) = 0 when n is not an integer. Thus, if we fix a prime r 0 ∈ R, in order to contradict g q = 0 it suffices to find a prime l outside N pℓ and R such that l ≡ v(r 0 q 0 ) −1 (mod ℓ s ) but a(l, f ) ≡ 0 (mod p). Indeed, then lr 0 q 0 ≡ v (mod ℓ s ) and a(lr 0 q 0 , g q0 ) = ℓ s λν(r 0 )ψ(r 0 q 0 )(r 0 q 0 ) k+2m l m a(l, f ) ≡ 0 (mod p) .
Let P be a prime ideal of E above p. To do the outlined, recall that the celebrated constructions of Shimura (k = 2), Deligne (k > 2) and Deligne and Serre (k = 1) attach to f a Galois representation ρ : Gal(Q/Q) → GL 2 (E P ) such that for all primes l ∤ N p, ρ is unramified at l and for a Frobenius element Fr l one has Trρ(Fr l ) = a(l, f ) and detρ(F l ) = ψ(l)l k−1 .
Letρ be the reduction of ρ modulo P. Note that the fields K =Q Kerρ and Q(µ ℓ s ) are linearly disjoint. Indeed, ℓ ∤ N p is unramified in the former while totally ramified in the latter. Then one can choose σ ∈ Gal(K(µ ℓ s )/Q) = Gal(K/Q) × Gal(Q(µ ℓ s )/Q) such that σ| K = id K and σ| Q(µ ℓ s ) = v(r 0 q 0 ) −1 ∈ (Z/ℓ s Z) × ∼ = Gal(Q(µ ℓ s )/Q) .
Then theČebotarev density theorem furnishes prime number l such that Fr l | K(µ ℓ s ) = σ, and we clearly have a(l, f ) = Trρ(Fr l ) = Tr(id K ) = 2 ≡ 0 (mod p) and l ≡ v(r 0 q 0 ) −1 (mod ℓ s ) as desired.
Note that we used condition ℓ ∤ N only to conclude that K =Q Kerρ and Q(µ ℓ s ) are linearly disjoint. (That being said, if we allow possibility of ℓ | N , notation in Section 5 would have to be slightly adapted -in place of c ns one would use its outside-of-ℓ part c (ℓ) ns , however the argument remains valid.) Thus, the Theorem 1.1 is valid under the following assumption milder than ℓ ∤ N : Assumption 7.2. K =Q Kerρ and Q(µ ℓ ∞ ) are linearly disjoint.
In particular, if ℓ|N but the modulo P reductionρ happens to be unramified at ℓ, this assumption is clearly satisfied. Assume for simplicity ℓ N . If component π f ,ℓ = π(µ 1 , µ 2 ) is a principal series, where µ 1 and µ 2 are characters of Q × ℓ with values in E × , one of the these characters is unramified and the other has conductor ℓ. Writeμ 1 andμ 2 for the characters of decomposition group D ℓ ∼ = Gal(Q ℓ /Q ℓ ) → E × P corresponding to µ 1 and µ 2 , respectively, by local class field theory. By the well known result of Carayol, we know that the semisimplification ρ| D ℓ is isomorphic toμ 1 ⊕μ 2 . Supposing that the ramified one among µ 1 and µ 2 has unramified reduction modulo P in order to obey Assumption 7.2, would bring p | ℓ − 1 placing p inside prohibited set S(N, ℓ) and we do not get desired result.
We hope to treat this question in a future paper and here we limit ourselves with the following Proposition 7.3. Suppose that ℓ N and that π f ,ℓ is a special representation. Then Theorem 1.1 holds.
Proof. Let π f ,ℓ = sp(α| · | 1/2 , α| · | −1/2 ) for an unramified character α :
It is a well known result of Langlands ([La73] ) that ρ| D ℓ is isomorphic toα Going back to proof of Theorem 1.1, it suffices to choose σ ∈ K(µ ℓ s ) by first lifting (v −1 r 0 q 0 , Q ab ℓ /Q ℓ ) ∈ Gal(Q ab ℓ /Q ℓ ) to D ℓ ∼ = Gal(Q ℓ /Q ℓ ) and then projecting to K(µ ℓ s ). Again, by virtue of theČebotarev density theorem we get prime number l such that Fr l | K(µ ℓ s ) = σ, and since bothα and χ cy p are unramified at ℓ, we conclude a(l, f ) = Trρ(Fr l ) = Tr(σ) = 2 ≡ 0 (mod p) and l ≡ v(r 0 q 0 ) −1 (mod ℓ s ) as desired.
